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Introduction: Predict-Then-Optimize (PTO)
Wenbin Zhou

Predict OptimizeData Decision

Example problem: power grid infrastructure planning

Two outdated 
substations:

How to allocate my 
upgrade budget?

Substation BSubstation A
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Introduction: Predict-Then-Optimize (PTO)
Wenbin Zhou

Predict OptimizeData Decision

Demand 𝑦஺ෞ Demand 𝑦஻ෞ

Substation BSubstation A

𝑥
Useful 

covariates

ML model
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Introduction: Predict-Then-Optimize (PTO)
Wenbin Zhou

Predict OptimizeData Decision

min
௭∈𝒵

𝑓 𝑧; 𝑦ො

Minimize the loss, which is a function of budget allocation and estimated future demand

(𝒵 is a bounded feasible region, representing limited budget)
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Introduction: Predict-Then-Optimize (PTO)
Wenbin Zhou

Predict OptimizeData Decision

Substation BSubstation A

+$100 +$200
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Introduction: Rethinking PTO
Wenbin Zhou

While PTO has been around for decades, it suffers from two core limitations: 

“Liability issue”
“Interpretability”
“AI hallucination”

PTO prescribed decision are rarely 
directly adopted in practice

I have my own insights 
on the problem and I 

know what I want to do.

Want algorithms to help assess the 
risk of decisions they hope to take.

Q: Can we develop an algorithm that help people assess decisions they propose?

Domain expert
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Overview: Decision Risk Assessment Framework
Wenbin Zhou

PTO: 𝑦ො 𝑧

𝑦ଵ

𝑦ଶ

𝜋𝜋

This work:

Step 1: Find 

𝑧 𝜋ିଵ𝜋ିଵ

Prediction

. . .

Decision

Decision

Scenario 1 

Scenario 2 

𝜋ିଵ𝜋ିଵ Step 2: Evaluate probability of 

How likely will they 
occur according to 
the observed data?
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Problem Setup
Wenbin Zhou

Definition: Decision Policy

𝜋 𝑦 ≔ arg min
௭∈𝒵

𝑓 𝑧; 𝑦

Decision policy defines a mapping:

𝜋: 𝒴 ↦ 2𝒵

Ex. given future demand scenario, 
what are the best budget allocation 
plan?

  𝜋 𝑦

 𝒵
𝑦 𝒴

𝜋
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Problem Setup
Wenbin Zhou

Definition: Decision Risk

ℙ{𝑧 ∈ 𝜋 𝑌 }

Given fixed 𝑧 and random variable 𝑌, decision risk is defined as

Ex. Give some proposal budget allocation plan, what is the probability 
it is optimal w.r.t. the random, unrealized future demand? 

Definition: Decision Risk Assessment

Estimate 𝛼ො (potentially dependent on 𝑧) such that

ℙ{𝑧 ∈ 𝜋 𝑌 } ≥ 1 − 𝛼ො
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Background: Inverse Optimization
Wenbin Zhou

Definition: Inverse Feasible Region (Chan et al. 2020)

𝜋ିଵ 𝑧 = {𝑦 ∈ 𝒴: 𝑓 𝑧, 𝑦 = min
௭’∈𝒵

𝑓 𝑧’, 𝑦 }

Inverse feasible region also defines a 
mapping:

𝜋ିଵ: 𝒵 ↦ 2𝒴

Ex. Find all scenarios of future demand 
that would make a given budget 

allocation plan optimal

  𝜋 𝑦

 𝒵
𝑦

𝜋ିଵ

𝒴

𝑧

𝜋ିଵ 𝑧

𝜋
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Step 1: Inverse Problem Reformulation
Wenbin Zhou

Lemma: Objective reformulation 

ℙ{𝑧 ∈ 𝜋 𝑌 } ≡ ℙ{𝑌 ∈ 𝜋ିଵ 𝑧 }

Deterministic variable ∈ Random set

Decision risk How likely would 𝑌 fall in 𝜋ିଵ 𝑧

Random variable ∈ Deterministic set

Converted to a standard problem of uncertainty quantification, 
which has been widely studied in statistics & machine learning
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Background: Conformal Prediction
Wenbin Zhou

𝒟 = {𝑋௜, 𝑌௜}௜ୀଵ
௡

𝒟୲୰

𝒟ୡୟ୪

Prediction 
Model

𝑦ො

Quantile
Calibration 𝑅 𝛼

ℙ{𝑌 ∈ 𝒞 𝑋; 𝛼 } ≥ 1 − 𝛼

𝒞 𝑋; 𝛼

Prediction set

Validity:

Goal: construct valid prediction set from data.
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Intuitions For Step 2
Wenbin Zhou

𝜋ିଵ 𝑧

Monotonicity Validity
(previous slide)

If our configuration 
somehow gives:

Is a natural estimate for 
decision risk!

𝑦ො

𝑅 𝛼

ℙ{𝑌 ∈ 𝜋ିଵ 𝑧 } ≥ ℙ{𝑌 ∈ 𝒞 𝑋; 𝛼 } ≥ 1 − 𝛼
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Intuitions For Step 2
Wenbin Zhou

𝜋ିଵ 𝑧

ℙ{𝑌 ∈ 𝜋ିଵ 𝑧 } ≥ ℙ{𝑌 ∈ 𝒞 𝑋; 𝛼ො } ≥ 1 − 𝛼ො

Monotonicity Validity
(previous slide)

It is also possible that 
our configuration gives:

Is again an estimate 
for decision risk!

𝑦ො
𝑅 𝛼ො

𝑅 𝛼
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Step 2: Conformalization
Wenbin Zhou

min
ఈ∈ ଴,ଵ

𝛼  s.t. 𝒞 𝑋; 𝛼 ⊆ 𝜋ିଵ 𝑧

Step 2 can be described by a constrained optimization problem:

Maximize the size of the set Ensure the set is contained within 𝜋ିଵ 𝑧

The solution 𝛼ො should supposedly meet our objective:

ℙ{𝑌 ∈ 𝜋ିଵ 𝑧 }  ≥ 1 − 𝛼ො

However, is that the end of the story?
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Challenge 1: Over-conservatism
Wenbin Zhou

𝜋ିଵ 𝑧

(a) Mild case: (b) Severe case:

𝑦ො
𝑦ො

Very large 𝛼ො

(c) Severest case:
𝑦ො

Only 𝛼ො = 1

✓ ✗ ✗

𝜋ିଵ 𝑧 𝜋ିଵ 𝑧
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Solution: Generate Multiple Prediction Sets
Wenbin Zhou

Prediction 
ModelIdea: Replace with Sampling 

Model in conformal prediction

𝑦ො

Only 𝛼ො = 1

Law of large numbers

…

𝑦ො ଵIntuition:

𝑦ො ௄

1

𝐾
෍ 𝛼௞ෞ

௄

௞ୀଵ

< 1 ✓✗

Generate 𝐾 predictions
𝛼ොଵ

𝛼ො௄
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Theoretical Foundation For This Idea
Wenbin Zhou

Lemma (Informal): Weighted Sample Average Estimator

Sampling 
Model :

Conformalized 
weight

Indicator of whether the 
generated prediction is 

not within 𝜋ିଵ 𝑧

Prediction 
Model : Special case with 𝐾 = 1 (i.e., one shot estimator)

𝛼ො ∝
1

𝐾
෍ 𝑤௞

௄

௞ୀଵ

⋅ 𝟙{𝑦ො ௞ ∉ 𝜋ିଵ 𝑧 }
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Challenge 2: Post-hoc Invalidity
Wenbin Zhou

Recall the following inequality previously when talking about the intuition of Step 2: 

ℙ{𝑌 ∈ 𝜋ିଵ 𝑧 } ≥ ℙ{𝑌 ∈ 𝒞 𝑋; 𝛼ො } ≥ 1 − 𝛼ො

In theory, this does not hold for 𝛼ො!

Lemma (Informal): Potential Invalidity

ℙ{𝑌 ∈ 𝒞 𝑋; 𝛼ො } ≥ 1 − 𝛼ො − Δ 𝑃

The reason: 𝛼ො becomes data-dependent though post-hoc tuning, whereas standard 
conformal prediction validity only holds when 𝛼 is a prespecified constant

Introduction | Setup | Algorithm | Analysis | Experiment | Conclusion
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Solution: e-statistics 
Wenbin Zhou

Quantile
CalibrationIdea: Replace with e-value 

Calibration in conformal prediction

𝑄෠
⌊(𝑛 + 1) 1 − 𝛼 ⌋

𝑛

∑ ||௡
௜ୀଵ 𝑌௜

෡– 𝑌௜ ||ଶ

𝛼 𝑛 + 1 − 1

Intuition: Convert 
testing to betting

Theorem (Informal): Post-hoc Validity

e-value 
Calibration

: We recover exact validity without the Δ 𝑃 term
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Computation: End-To-End Algorithm
Wenbin Zhou

Theorem (Informal): End-To-End Optimization Cleaned-Up Form

𝛼ො 𝑧 = sup
௬∈𝒴

𝑅ିଵ ||𝑦 − 𝑦ො||ଶ  s.t. 𝑓 𝑧; 𝑦 > min
௭’∈𝒵

𝑓 𝑧’; 𝑦 + 𝜖

Closed-form Solution for Linear Programming Other General Convex Problems

𝛼ො 𝑧 = max
௩∈𝒱

𝑅ିଵ
𝑦ො, 𝑧 − 𝑣 − 𝜖

𝑧 − 𝑣
ଶ

Proposed an alternating 
optimization algorithm…

The framework can be feasibly executed for many types of optimizations.
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Experiments: Estimation Quality Analysis
Wenbin Zhou

(1) The risk estimate is both valid and accurate; (2) Generative Design 
helps mitigate overconservativeness.

100% valid risk 
estimate for all 

variants

Approximation 
error between our 

method and 
oracle 0

Figure: Evaluation results. Different colors represent different ablation variants.
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Experiments: Decision Prescription Analysis
Wenbin Zhou

Our method chooses same decision as the oracle

Introduction | Setup | Algorithm | Analysis | Experiment | Conclusion



25

Summary
Wenbin Zhou

Link to this paper

Link to my homepage

Objective: We study the problem of conservatively estimating 
decision risk

Procedure: (1) Inverse Problem Reformulation, (2) Conformalization

Refinements:
• Prediction model  Sampling models
• Quantile calibration  e-statistics calibration

Theories: (1) Weighted sample average, (2) post-hoc validity, (3) 
end-to-end optimization

Email: wenbinz2@andrew.cmu.edu
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Appendix

Wenbin Zhou
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Problem Setup
Wenbin Zhou

Objective: Decision Risk Assessment

ℙ{𝑧 ∈ 𝜋ିଵ 𝑌 } ≥ 1 − 𝛼

𝑧
𝒵

Probability 
1 − 𝛼

𝑧
𝒵

Density 

±𝜖

Omitted for brevity. 
See paper
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Running Example: Linear Programming
Wenbin Zhou

min
௭

𝑦ୃ𝑧   s.t.  𝐴𝑧 ≤ 𝑏

𝐴 ∈ ℝଷ×ଶ

𝑧ଵ ≥ 0

ଶ

Number of 
constraints

Spatial 
dimension

This is a 2D (triangular) shape!
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Example: Linear Programming Inverse Optimization
Wenbin Zhou

0,0 1,0

0,1

0,0

0,1

1,0

𝜋ିଵ

𝜋ିଵ

𝜋ିଵ

min
௭

𝑦ୃ𝑧   s.t.  𝐴𝑧 ≤ 𝑏


