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Introduction: Robust Optimization

Zhou and Zhu

min
𝑧∈𝒵

max
𝑦∈𝑈𝜆

𝑓 𝑧, 𝑦

Decision 
variable

Adversarial 
variable

Q: How to select 𝝀? A tradeoff exists:

𝑈𝜆

𝜆

Should cover most data (e.g., 95%)

Should note be too conservative

𝜆  𝜆

Robust optimization:

e.g., radius

Small 𝜆

Large 𝜆

• Covers more plausible 

adversarial cases (risk ↓)

• May select overly 

conservative decisions (cost ↑)

• Covers less plausible 

adversarial cases (risk ↑)

• Sharper decisions (cost ↓)

Robustness parameter
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Introduction: Robust Optimization

Zhou and Zhu

Cost

Risk

Vary 𝜆 smoothly…
Small 𝜆

Large 𝜆

How to select 𝜆?

Decision maker

≥

Estimation goal: Certified Pareto Frontier

Pareto Frontier

(Curate it for the decision maker to select 𝜆!)
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Problem Setting

Zhou and Zhu

Both cost and risk can be formalized by some notion of loss functions:

Risk  miscoverage = 𝐼𝜆 = 𝟙 𝑌 ∉ 𝑈𝜆

Cost  regret = 𝑅𝜆 = 𝑓 𝑧RO 𝜆 ; 𝑌 − 𝑓 𝑧⋆; 𝑌

Objective: Certified Pareto Frontier Estimation

ෞ𝛼𝐼 𝜆 ≥ 𝔼 𝐼𝜆

For each 𝜆, construct estimators ෞ𝛼𝐼 𝜆  and ෞ𝛼𝑅 𝜆  such that

ෞ𝛼𝑅 𝜆 ≥ 𝔼 𝑅𝜆and

(𝔼 𝐼𝜆 , 𝔼 𝑅𝜆 )

(ෞ𝛼𝐼 𝜆 , ෞ𝛼𝑅 𝜆 )

≥
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Algorithm: Inverse Conformal Risk Control

Zhou and Zhu

\inf_{\lambda \in \Lambda} \left\{ 
\lambda: B - \bar \ell_n(\lambda) 
\geq \frac{\lfloor (n+1) (B - \alpha) 
\rfloor}{n} \right\}

Definition: Conformal Risk Control (Angelopoulos et. al., 2022)

inf
𝜆∈Λ

𝜆: 𝐵 − ℓ𝑛 𝜆 ≥
𝑛 + 1 𝐵 − 𝛼

𝑛

Given risk bound 𝛼, select loss function parameter 𝜆 such that

Definition: Inverse Conformal Risk Control (Ours)

×

✓

Our goal is 
not to 

estimate 𝜆

Our goal is 
to curate 

the Pareto 
frontier

inf
𝛼∈ 0,1

𝛼: 𝐵 − ℓ𝑛 𝜆 ≥
𝑛 + 1 𝐵 − 𝛼

𝑛

Given loss function parameter 𝜆, estimate risk level upper bound:

Inverted!
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Theoretical Results

Zhou and Zhu

(ෞ𝛼𝐼 𝜆 , ෞ𝛼𝑅 𝜆 )

Δ𝑅

(𝔼 𝐼𝜆 , 𝔼 𝑅𝜆 )

Denote the gap by Δ (either Δ𝑅 or Δ𝐼): 

Theorem: Validity 𝔼 Δ𝐼 ≥ 0

ΔΔ𝐼

𝔼 Δ𝑅 ≥ 0

Theorem: Error Bound

|Δ| ≤
𝐵

𝑛 + 1

𝑛

2
log

2

𝛿
+ 2 +

1

𝐵

𝔼 Δ𝑅 ≥ 0Under exchangeability, 𝔼 Δ ≥ 0

𝔼 Δ ≥ 0

Under i.i.d.:

Theorem (Informal): Pareto Frontier

Under the majorant consistency 
assumption, the curve of (𝔼 𝐼𝜆 , 𝔼 𝑅𝜆 ) 
by varying 𝜆 is weakly decreasing.
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Algorithm: Recalibration after Post-hoc Selection

Zhou and Zhu

I chose a መ𝜆

During decision-making:

Sees
(ෞ𝛼𝐼

መ𝜆 , ෞ𝛼𝑅
መ𝜆 )

Reapplies

Theorem: Validity

𝔼 Δ ≥ 0
However, no longer holds due to data sharing.

𝒟𝑛
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Algorithm: Recalibration after Post-hoc Selection

Zhou and Zhu

I chose a መ𝜆

During decision-making:

Sees
(ෞ𝛼𝐼

መ𝜆 , ෞ𝛼𝑅
መ𝜆 )

Reapplies

𝒟𝑛

𝒟pre 𝒟post
Data splitting

Validity is retained!
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Experiment: Good Estimation Quality

Zhou and Zhu

*See the paper for results for more optimization problems

Certified Estimate
Post-hoc Certified Est.
Monte Carlo Est.

ො𝛼 𝜆  Evaluation Results (LP) Legend

Error (↓)

Validity (↑)

|Δ| 

Is Δ > 0 ?

(Near) 100% Valid + 
Asymptotic consistency

≤50% Valid

Less Trials More Trials
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Experiment: Informative Constructed Frontier

Zhou and Zhu

Constructed Frontier (LP)

Cost

Risk

Legend

True Frontier

Certified Frontier

Post-hoc Certified Frontier

Existing baseline methods

*See the paper for results for more optimization problems

Certified
Accurate optimal 
tradeoff point selection

Only 
focus on 
satisfying 
low risk
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Thank you!

Zhou and Zhu

Contact:

wenbinz2@andrew.cmu.edu

shixiangzhu@cmu.edu

Github codebasearXiv

mailto:wenbinz2@andrew.cmu.edu
mailto:wenbinz2@andrew.cmu.edu
mailto:wenbinz2@andrew.cmu.edu
mailto:shixiangzhu@cmu.edu
mailto:shixiangzhu@cmu.edu
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Experiment: Good Estimation Quality

Zhou and Zhu
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Experiment: Informative Constructed Frontier

Zhou and Zhu
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Remark: Inverse Conformal Risk Control

Zhou and Zhu

The proposed estimator ෞ𝛼ℓ 𝜆  can be lower bounded by the following proxy estimator:

෦𝛼ℓ 𝜆 =
𝑛

𝑛 + 1
ℓ𝑛 𝜆 +

𝐵

𝑛 + 1

Which is efficient to compute and easy to implement in practice.
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